We present results for the matrix elements of the additional ∆S = 2 operators that appear in models of physics beyond the Standard Model (BSM), expressed in terms of four BSM B-parameters. Combined with experimental results for ∆MK and K , these constrain the parameters of BSM models. We use improved staggered fermions, with valence HYP-smeared quarks and N f = 2 + 1 flavors of "asqtad" sea quarks. The configurations have been generated by the MILC collaboration. The matching between lattice and continuum four-fermion operators and bilinears is done perturbatively at one-loop order. We use three lattice spacings for the continuum extrapolation: a ≈ 0.09, 0.06 and 0.045 fm. Valence light-quark masses range down to ≈ m phys s /13 while the light sea-quark masses range down to ≈ m phys s /20. Compared to our previous published work, we have added four additional lattice ensembles, leading to better controlled extrapolations in the lattice spacing and sea-quark masses. We report final results for two renormalization scales, µ = 2 GeV and 3 GeV, and compare them to those obtained by other collaborations. Agreement is found for two of the four BSM B-parameters (B2 and B
I. INTRODUCTION
Neutral kaon mixing and the associated indirect CPviolation have long provided an important window into physics at high energy scales. In the Standard Model (SM), for example, the measured CP-violating parameter K is sensitive to scales up to the top-quark mass. To determine whether the measured value is consistent with the SM, however, requires knowledge of the hadronic matrix element parametrized by the kaon B-parameter, B K . Recently, lattice QCD calculations have matured to the point that such matrix elements can be determined from first principles with percent-level accuracy.
1 Specifically, results for B K from Refs. [2] [3] [4] [5] [6] [7] [8] [9] are such that the average has an error of ∼ 1.3% [1] . This is accurate enough to provide strong constraints on SM parameters (see, e.g., Refs. [10, 11] ). Ultimately, lattice calculations will also * E-mail: chulwoo@bnl.gov † E-mail: wlee@snu.ac.kr ‡ E-mail: srsharpe@uw.edu 1 For a recent review of such quantities and their associated errors, see Ref. [1] .
be able to use the K L − K S mass difference, ∆M K , to test the SM [12] . Physics beyond the SM (BSM) will, in general, contribute to flavor changing neutral processes such as kaon mixing. Indeed, unless there is some cancellation akin to the GIM mechanism, rough estimates show that the scale of new physics must be 10 5 TeV in order to avoid overly large contributions to ∆M K and K [13] . In fact, many BSM models have partial cancellations such that the scale of new physics is accessible at the Large Hadron Collider (LHC), but often such models are pushing against the constraints from kaon mixing. If evidence for new physics is discovered at the LHC in the coming years, then, in order to sift through the available models, it will be essential to turn the constraints from kaon mixing into precision tools. To do this it is necessary to calculate the hadronic matrix elements of the full basis of ∆S = 2 four-fermion operators that can appear. Illustrations of how these matrix elements constrain BSM models are given in Refs. [14] [15] [16] [17] .
In the SM, four-fermion operators in the effective ∆S = 2 Hamiltonian are composed of left-handed currents. Generic BSM physics, by contrast, also includes heavy virtual particles coupling to right-handed quarks. Because of this, the single "left-left" ∆S = 2 four-fermion operator is augmented by four additional operators. Our aim in the present work is to provide fully controlled results for the corresponding additional mixing matrix elements.
Calculations of such matrix elements using lattice QCD have a fairly long history. Initial results were obtained starting in the late 1990s in the quenched approximation [18] [19] [20] . Then, in 2012, first results with unquenched light quarks were presented by the ETM [13] and RBC-UKQCD collaborations [21] . These calculations used, respectively, twisted-mass and domain-wall lattice fermions. Both performed the matching of lattice and continuum operators using non-perturbative renormalization (NPR) [22] and the RI-MOM scheme. The results for all four BSM B-parameters were consistent between the two calculations.
In 2013, we presented results from a first calculation of the BSM B-parameters using improved staggered fermions and one-loop perturbative matching of lattice and continuum operators [23] . Our results disagreed significantly for two of the four B-parameters with those from Refs. [13, 21] . In 2014, we discovered a minor error in our analysis that changed our results by ∼ 5%. We also extended the range of lattice ensembles studied, so that the continuum and chiral extrapolations were better controlled. Preliminary results correcting the analysis and incorporating the new ensembles were presented in Ref. [24] . The discrepancy with Refs. [13, 21 ] remained at about the 3σ level for two of the B-parameters.
The purpose of the present paper is provide a detailed description of our calculation along with our final results. In fact, these results are very close to the preliminary numbers presented in Ref. [24] , but there are many details not provided in either Ref. [23] or [24] that we present here. A further motivation for this work is provided by the recent results from the ETM and RBC-UKQCD collaborations, presented in Refs. [3] and at Lattice 2015 [25, 26] , respectively. The former work (which extends the N f = 2 simulations of Ref. [13] to N f = 2 + 1 + 1) essentially confirms the earlier results of Ref. [13] , and thus continues to disagree with our results. The latter calculation, Ref. [25] , presents an investigation of the origin of the discrepancies by repeating their computation with a second lattice spacing and performing the renormalization with various schemes, including RI-SMOM schemes with non-exceptional kinematics [27] . Although the discretization artifacts are found to be larger than previously anticipated, the most important effects come from the renormalization procedure. The preliminary results of RBC-UKQCD with the new SMOM schemes are in approximate agreement with those presented here [26] . Given this complicated and confusing situation, it is important to have a clear description of the details of all the calculations.
Our work relies on several auxiliary theoretical calculations. For the chiral extrapolations we need results from SU(2) staggered chiral perturbation theory (SChPT), and these are provided in Ref. [28] . We also need to know how to set up the calculation using staggered fermions (i.e. dealing with the extra valence tastes) as well as one-loop matching factors. These results are provided in Refs. [29, 30] . Finally, we need to evolve matrix elements using the continuum renormalization group for ∆S = 2 operators. The required two-loop anomalous dimensions were calculated in Ref. [31] , and some additional technical details are worked out in Ref. [30] . This paper is organized as follows. In Sec. II, we describe the basis of ∆S = 2 four-quark operators that we use, and the corresponding B-parameters and goldplated combinations. In Sec. III, we describe the details of the lattice calculation. We next turn to the analysis. Sec. IV explains how we extrapolate valence quark masses to their physical values, while Sec. V describes the combined extrapolation to the continuum limit and to physical sea-quark masses. We present our final results and error budget in Sec. VI, and compare these to the above-mentioned results that use other fermion discretizations in Sec. VII.
II. ∆S = 2 FOUR-QUARK OPERATORS AND BAG PARAMETERS
We use the operator basis (Buras's basis) of Ref. [31] , in which the ∆S = 2 four-quark operators are
Here the operators have been written in Euclidean space, with a and b being color indices. Q 1 is the operator corresponding to B K , while Q 2,3,4,5 are the BSM operators.
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The hadronic matrix elements of the ∆S = 2 fourquark operators can be parametrized by so-called kaon bag parameters (or B-parameters). These are conventionally defined by
where j = 2 − 5, and
are factors arising in the vacuum saturation approximation. In the following, we will often refer collectively to "the B i ", and this will indicate all five of the Bparameters, i.e. the index i runs over i = K, 2, 3, 4, 5.
In our lattice calculation, we find it more convenient to evaluate the B-parameters rather than the corresponding matrix elements, K 0 |Q i |K 0 . This avoids the need to determine the overlap of our sources with the K 0 and K 0 states, reduces the dependence on the scale, a, since the B-parameters are dimensionless, cancels some of statistical and systematic errors, and simplifies chiral expansions, since the staggered chiral perturbation theory (SChPT) expressions are simpler [28] .
We also make extensive use of "gold-plated" combinations of the B-parameters. These are combinations chosen to be free of chiral logarithms at next-to-leading order (NLO) in SU(2) chiral perturbation theory [28] :
In this paper, the subindex i of the G i runs over i = 21, 23, 24, 45.
As described below, it turns out that the combined extrapolation in a 2 and sea-quark masses is much better controlled for the G i and B K than for B 2−5 . Thus our final results for the BSM B-parameters are obtained using B K and the G i in the following way:
The superscript G indicates that we use gold-plated combinations to reconstruct the B-parameters.
III. LATTICES AND MEASUREMENTS
We use the MILC ensembles listed in Table I . These are generated with N f = 2 + 1 flavors of staggered fermions using the "asqtad" fermion action. Details of the configuration generation are given in Ref. [32] . To convert our data to physical units, we use the values of r 1 /a obtained by the MILC collaboration. [32, 33] , and set r 1 = 0.3117 (22) fm, following Refs. [33, 34] . 3 We stress [23] , the additional ensembles are F6, F7, F9 and S5. These additions significantly improve the reliability of the chiral extrapolations, as we now explain. On all ensembles except F6 and F7, the strange sea quark masses lie close to, but not exactly at, the physical value. Adding in F6 and F7, which have lighter strange sea quarks, allows us to correct for the offset. Adding S5 ensures that on both fine and superfine lattices the average up/down sea quark mass, m , ranges down to ≈ m We use HYP-smeared staggered fermions [35] as valence quarks. Parameters for the HYP smearing are chosen to remove O(a 2 ) taste-symmetry breaking at tree level [36] . We use 10 different valence quark masses on each lattice:
where m nom s is the nominal strange quark mass given in Table II . We have labeled the valence masses m x and m y , the former corresponding to the valence d quark and the latter to the valence s quark.
As explained in the next section, m x and m y will be extrapolated to their physical values, m phys d and m phys s , respectively. To determine these physical values on each ensemble use the same method as in Ref. [7] . First, the flavor non-singlet yȳ "pion" mass is extrapolated until is equals M ss,phys = 0.6858(40) GeV, which is the "physical" value determined in Ref. [37] . This determines m phys s . Second, m x is extrapolated (with m y at its nowdetermined physical value) such that the xȳ "kaon" has a mass equal to that of the physical K 0 . These extrapolations are done separately on each ensemble. For illustration, we show in Table II We calculate the valence xx "pion" and xȳ "kaon" masses in standard fashion using the same wall sources as described below. The statistical errors on these results are very small. In Table III we quote some representative values to indicate the range of pion masses in physical units. Note that m π (val, max) is the mass of the heaviest pion that we use in our chiral extrapolation to the physical valence d quark. This extrapolation is discussed in the following section. We also include values for the lightest sea-quark pion for the fine, superfine and ultrafine lattices, as well as for the coarse ensemble that we use to study finite-volume effects.
We use essentially the same methodology for calculating the BSM B-parameters as we employed in the calculation of B K in Ref. [7] . Thus we give only a brief discussion here, while for B K we refer to Ref. [7] . In terms of lattice operators, the BSM B-parameters are
where Q Lat k are lattice four-fermion operators and O Lat P is the taste ξ 5 pseudoscalar bilinear. z jk and z P are one-loop matching factors that convert lattice operators to their continuum counterparts, the latter defined in the MS scheme using naive dimensional regularization (NDR). We use the mean-field improved lattice operators defined in Refs. [29, 30] . The one-loop matching is quite involved as one must ensure that the continuum basis is extended to d = 4 − 2 dimensions using the same definition of evanescent operators as in Ref. [31] . The matching factors have been worked out and described in detail in Ref. [30] , building on the earlier work of Ref. [29] , and we do not repeat them here. They depend on the renormalization scale µ of the continuum operator and on α s . The latter is chosen to be in the MS scheme and is evaluated at the same scale µ. In our initial matching we take µ = 1/a and then evolve the results in the continuum to a common renormalization scale. In the numerical evaluation of the matching coefficients we use four loop running to determine α s (µ), using as input α s (M Z ) = 0.118. To produce the kaons and antikaons, we place U(1)-noise wall sources on time slices t 1 and t 2 , with t 2 > t 1 . These produce taste ξ 5 kaons and anti-kaons having zero spatial momenta. The four-quark operators are placed between the sources at time t (i.e. t 1 < t < t 2 ). When t is far enough from the sources, so that excited state contamination is small, the three-point correlators should be independent of t, and can be fit to a constant. To determine the fit range, we use the two-point correlator from the wall-source to the taste ξ 5 axial current. From the effective mass plot for this correlator, we find the distance from the source, t L , for which the contamination from excited states becomes negligibly small. Then we fit from t = t 1 + t L to t = t 1 + t R = t 2 − t L − 1 (which is a symmetrical range since our operators extend over the two time slices t and t + 1). Our choices of t L and t R are given in Table IV . Note that we choose ∆t = t 2 − t 1 to be less than half of the time extent of the lattice to avoid "around the world" contributions. Further details concerning sources and time ranges is given in Ref. [7] .
The plateaus resulting from the above-described procedure are reasonable. Examples are shown for the gold-plated combinations G 23 and G 45 in Figs formed ignoring correlations between time slices (diagonal approximation for the covariance matrix) in order to avoid instabilities due to the small eigenvalues of the covariance matrix [38] . Fitting errors are estimated using the jackknife method.
To increase statistics, we do multiple measurements on each configuration. For each measurement, the source position t 1 is chosen randomly, with t 2 determined by t 2 = t 1 + ∆t, where ∆t is the wall-source separation listed in Table IV . In addition, we use different random numbers for the wall sources for each measurement. The number of measurements for each gauge configuration is listed in Table I .
To study auto-correlations we bin adjacent lattices in the Markov chain and study the dependence of the nominal statistical error on bin size. Examples of the results are shown in Fig. 3 . The notation for the operators used in this figure is explained in Refs. [29, 30] . We find that the auto-correlations increase as the lattice spacing decreases. As one can see from Fig. 3 , the auto-correlation effect is about 100% for the MILC superfine lattice S1, while it is about 25% for the MILC fine lattice F1. In order to greatly reduce the effects of auto-correlations, we use bins of size 5 throughout our analysis.
IV. CHIRAL EXTRAPOLATION
Our analysis follows the same steps as in Refs. [9, 23] . The first step is the chiral extrapolation of the valence quark masses to their physical values. We extrapolate m x to the m phys d for fixed m y using a fitting form based on SU(2) SChPT, and then extrapolate m y to m phys s . For SU (2) ChPT to be valid, we require that m x m y . Hence, from the 10 valence quark masses listed in Eq. (7), we take the lightest four for m x (e.g. m x = {0.003, 0.006, 0.009, 0.012} on the fine ensemble) and heaviest three for m y (e.g. m y = {0.024, 0.027, 0.03} on the fine ensemble). In this way we satisfy m x ≤ m y /2.
We begin by considering the extrapolation in m x , which we call the "X fit". The actual extrapolation is done in X P = m 2 xx,P , which is the squared mass of the xx valence pion with taste ξ 5 (i.e. the Goldstone pion). For the physical value of this quantity we take
2 . At next-toleading order (NLO) in SU(2) SChPT, the light valence quark mass dependence of the B-parameters has been worked out in Ref. [28] , and is
where X ≡ X P Λ 2 χ with Λ χ = 1 GeV, the c j are coefficients to be determined, and
is the chiral logarithm. Here X B (L B ) is the squared mass of the taste B, flavor non-singlet, pion composed of two light valence (sea) quarks:
. The functions (X) and˜ (X) are chiral logarithms defined, for example, in Ref. [28] . In Eq. (10), the plus sign applies for i = K, 2, 3, and the minus sign for i = 4, 5.
The NLO fitting function is not accurate enough to describe the precise and highly correlated data. Hence, as in all our recent analyses [8, 9, 23] , we add higher order terms to the fitting function:
The three terms X 2 , X 2 ln 2 (X) and X 2 ln(X) are the generic NNLO terms in continuum chiral perturbation theory. We also add a single analytic NNNLO term proportional to X 3 . We use a similar fitting function for the X fits of gold-plated combinations, except that, by construction, there are no NLO chiral logarithms:
We have found that adding yet higher order terms in the chiral expansion does not improve the fits to either the B i or G i .
Since we have only four data points for the X fit, we use the Bayesian method [39] , and place constraints on the three higher-order fitting parameters c 4−6 . Our prior information is that these coefficients are of O(1). We thus first impose the constraints c 4−6 = 0 ± 1. If the resulting fits have χ 2 /d.o.f. 1, then we accept them. If not, we try the less restrictive constraints c 4−6 = 0 ± 2. Again, we accept fits with χ 2 /d.o.f. 1, but otherwise fit again using c 4−6 = 0 ± 4. In all cases this leads to fits having χ 2 /d.o.f. 1. In this discussion, the χ 2 that is minimized is the augmented version: where we set a i = 0 and σ i = 1, 2, 4. These fits are done using the full correlation matrix, and have acceptable values of χ 2 .
Having determined the parameters c 1−6 , we extrapolate the results to the physical point m x = m phys d
, and simultaneously remove (by hand) the lattice artifacts that lead to taste symmetry breaking in pion masses. Specifically, within the chiral logarithm F 0 (i) we set X B and L I to their physical values, as explained in Ref. [7] . In this way we are using knowledge from SChPT to remove a significant source of discretization errors. Note that this correction applies to the B i but not to the G j , since the gold-plated combinations have no chiral logarithms at NLO.
Examples of the X fits are shown in Figs. 4(a), 5(a), and 6(a), for B K , G 23 and G 45 , respectively. In all these fits it was sufficient to use the narrowest range of the Bayesian priors (σ i = 1) in order to obtain good fits. We note that the statistical errors appear larger in the results for G 23 because of the finer vertical scale. The figures emphasize the fact that the extrapolation in X P is relatively short. Thus the dependence on SChPT is relatively mild, except for the taste-breaking correction that we make to B K .
In order to estimate the systematic uncertainty in the X fits we consider two variations in the fitting scheme. The first error is obtained from the changes in the B i and G j when the prior widths σ a are doubled. The second is obtained by repeating the fits keeping only one NNLO term,
and using the eigenmode shift (ES) method introduced in Ref. [38] . The ES method tunes the fitting function in the direction of the eigenvectors of the covariance matrix corresponding to the small eigenvalues, with small shifting parameters η that are constrained by the Bayesian prior condition: η = 0 ± σ η . We set σ η from the size of the neglected highest order term in the fitting function,
where X ≈ 0.02. The total systematic error from the X fits is then obtained by adding these two error estimates in quadrature. The resulting errors are discussed in Sec. VI.
We next extrapolate m y to m phys s , using the three heaviest values of the valence quark masses. This we denote the "Y fit". We expect the B i and G j to be smooth, analytic functions of Y P , since the strange quark is far from the chiral limit. Empirically, linear fitting works very well, as illustrated in Figs. 4(b) , 5(b) and 6(b). To avoid the problem of small eigenvalues, we use uncorrelated fitting for the Y fits. In all cases, fits are stable and the fit parameters are consistent across all lattices with a given nominal lattice spacing (within the statistical uncertainties). To estimate the systematic error in the results of the Y fits, we repeat the fits using a quadratic function of Y P . The changes in the final results for B i and G j are then taken as the systematic error.
V. CONTINUUM-CHIRAL EXTRAPOLATION
The outputs of the extrapolations in valence masses are values for the B-parameters and gold-plated combinations on each ensemble, for continuum operators evaluated at the renormalization scale µ = 1/a. In order to compare these results and extrapolate them to the continuum limit, and to physical sea-quark masses, we must use renormalization group (RG) evolution to evolve to a common scale. The standard choices for this scale in the literature are µ = 2 GeV and µ = 3 GeV, and we present results for both. Since we use one-loop matching, to do Fig. 4 , except that for the gold-plated combinations there is no taste-breaking correction. the running consistently we need the continuum two-loop anomalous dimension matrix. This has been calculated in Ref. [31] for a particular choice of evanescent operators. Because of this, it is essential that our lattice-continuum matching uses the same set of evanescent operators, as is indeed the case in Ref. [30] . Some technical issues arise in the RG running; these are described in Ref. [30] along with our resolutions. We present our results for B K and the gold-plated combinations G i at the two renormalization scales in Tables V and VI. Statistical errors range from the percent level to an order of magnitude smaller. We have also obtained results for the B j (j = 2 − 5) but do not show these as they are not used in our final analysis.
The final step of our analysis is to do a simultaneous extrapolation to the physical values of the sea-quark masses and to the continuum limit. We call this procedure "the continuum-chiral extrapolation", although this name is slightly misleading as the valence chiral extrapolation has already been done. As substitutes for sea quark masses, we use L P and S P , which are, respectively, the squared masses of taste-ξ 5 (Goldstone) pions composed of two light sea quarks (ll) and two strange sea quarks (ss). They are extrapolated to their physical values, which we take to be m 2 π0 = (0.1349766 GeV) 2 for L P and M 2 ss,phys = (0.6858 GeV) 2 for S P [37] .
We expect the dependence of the B i and G j on L P , S P and a 2 to be analytic, with terms organized according to standard SChPT power counting. At NLO, the only term in SChPT that could violate this expectation is the chiral logarithm. This is absent for the G j . For the B i , as shown by Eq. (10), the only logarithms that appear have the schematic dependence (L P + a 2 ) log X B and X B log X B . Since X B is set by hand to its physical TABLE V. BK and gold-plated combinations for µ = 2 GeV on each lattice listed in Table I . The superscripts indicate whether broadened Bayesian priors have been used in the X-fits: † implying c4−6 = 0 ± 2, while ‡ implying c4−6 = 0 ± 4. Results without superscripts are obtained with c4−6 = 0 ± 1. (14) value, the a 2 dependence it contains is removed. The remaining dependence on L P and a 2 is analytic, and in fact also is removed by hand when we set L P to its physical value and a 2 to zero. Chiral logarithms of higher order can lead to non-analyticities, or large derivatives, but these are numerically suppressed. Thus, to good approximation, we expect all the quantities we calculate to be described bỹ
Here Λ Q = 0.3 GeV and Λ χ = 1 GeV, and we have chosen to expand the d 3 term about the physical ss mass. When we fit our results to this form, we impose Bayesian constraints on the linear terms to enforce the expected power counting: d 2−4 = 0 ± 2. We have also tried fits with broader contraints, d 2−4 = 0 ± 4, but find that these do not significantly change the χ 2 or the resulting fit parameters. We find, as was the case in our earlier work [8, 9, 23] that we cannot obtain a good description if we include the coarse lattices. Thus we fit all the fine, superfine and ultrafine lattice data to Eq. (18) . We call this theF 1 fit, since it is a small variation from the fitting function F 1 B in our previous work [9] (differing only in the offset in the d 3 term). Since the number of configurations differ on each ensemble, errors on the fit parameters are obtained using a variant of the bootstrap method. Note that for this fit there are no correlations between the different ensembles.
In Table VII , we show the results of theF 1 fits to B K and the G i (renormalized at µ = 2 GeV). Plots of the fits are shown in Figs. 7(a), 8(a), 9(a), 10(a), and 11(a) . The fits are qualitatively similar and of comparable quality if the operators are renormalized at µ = 3 GeV. To interpret these plots the following must be kept in mind. For each nominal value of a (e.g. for the fine lattices) there is a variation in the actual values of a and in the values of S P . This is most significant for the ensembles F6 and F7, which have a substantially lower strange quark mass than the other fine ensembles. These variations are accounted for in the fit (with F6 and F7 providing a significant lever arm to determine d 3 ), but do not show up in these two-dimensional plots. Indeed, the points from F6 and F7 are not included in the plots, while the fit lines for the fine and superfine ensembles are shown with a and S P set to their average values (excluding ensembles F6 and F7 for the fine lattices). Thus, even if the fit were perfect, the fit lines would not pass through any of the points, except for the ultrafine case. Because of this, the fits appear slightly worse than they actually are; the real indicator of goodness of each fit is the quoted value of χ 2 /d.o.f.. The fits indicate that the dependence on the strange sea-quark mass is very weak for all five quantities, with |d 3 | 1. For the gold-plated combinations, the dependence on the light sea-quark mass is also weak, much weaker within our range of parameters than the dependence on a. Only for B K does the variation with L P have a similar magnitude to that with a. 
where α s = α MS s (1/a) . In other words, we add a subset of the analytic terms quadratic in L P , S P and a 2 , as well as two terms that include logarithmic dependence on a. The d 7 term would be the dominant source of a dependence were the action and operators tree-level O(a 2 ) improved. In fact, our valence fermion action and operators are not tree-level improved, so we must include the pure a 2 d 4 term as well. Nevertheless, we expect the tree-level contributions proportional to a 2 alone to be small, due to the use of HYP-smeared gauge fields. The d 8 term arises because our lattice operators are only matched to the continuum operators at one-loop order, leaving a two-loop residual discrepancy. In theF 4 fits we constrain d 2−9 using the Bayesian method, choosing the prior conditions d 2−9 = 0 ± 2. Again we find that broadening the priors does not significantly improve the fits.
The results for theF 4 fits are shown (for µ = 2 GeV) in Table VIII With the additional terms, we obtain reasonable values of χ 2 /d.o.f for G 23 and G 45 , and we take the resulting extrapolated values as our final results for these two quantities. For the other quantities, the fit quality is only slightly improved.
As is apparent, particularly from Figs. 9(b), 10(b) and 11(b), the change fromF 1 toF 4 fits has a very significant impact on the continuum extrapolation. This is primarily due to the d 8 α 2 S term, which has a rapid dependence on a as a → 0. We note that the coefficients of this term in the fits to G 23 and G 45 are relatively large [although still of O (1)], and this is what leads to the large change in the extrapolated value between the fits. We do not find theF 4 fits to provide a convincing description of the a dependence, particularly as they depend very strongly on the result from the single ultrafine lattice. However, we think that the conservative choice is to use the better fit for the central value, and then to take the difference between the two fits as an estimate of the systematic error in the continuum-chiral extrapolation. The final results from the two fits, and the resulting estimate of the systematic error, are collected in Table IX . For G 23 , G 24 and G 45 this source of error dominates all others, as discussed in the following section.
We have also used fit functions with additional higherorder terms. These do lead to mild reductions in the values of χ 2 /d.o.f, but do not lead to significant changes in the central values compared to theF 4 fits. Thus they do not significantly change our estimates of systematic errors. For the sake of brevity, we do not display the results of these more elaborate fits. We close this section by returning to the option of directly fitting the BSM B-parameters rather than using the gold-plated combinations. In all cases we find that direct continuum-chiral fits have values of χ 2 /d.o.f. in the range 3 − 5, both forF 1 andF 4 (and more elaborate) fits. We do not fully understand this failure of the continuum-chiral fits, but suspect that it is related to errors in valence chiral extrapolation (X fits). The X fits are better controlled with the gold-plated combinations.
VI. FINAL RESULTS AND ERROR BUDGET
In this section we discuss all sources of error, and give our final results for the BSM B-parameters with their error budget. Because we obtain B G 2−5 using Eq. (6), we estimate the errors in B K and the G i first, and then propagate the errors to B Tables X and   XI , while the final error budget is given in Table XII .
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As can be seen from Table XII, the statistical errors in B K and the G i are small, ranging from ∼ 0.25% to ∼ 1%. The largest are those in G 23 and G 45 , resulting from the use of theF 4 fits for the continuum-chiral extrapolation. We propagate the statistical errors into the B G j using the bootstrap method. The larger errors in G 23 and G 45 then lead to B G 3 and B G 5 having the largest statistical errors of the BSM B-parameters. In all cases, however, the statistical errors are much smaller than those from systematic effects.
We now run through the systematic errors in the order listed in Table XII . The dominant error is that due to the combined effect of using one-loop matching and the continuum-chiral extrapolation. We combine these because theF 4 fit includes the α 2 s error that results from perturbative truncation, and indeed this is the dominant contribution to the systematic error estimate, as FIG. 11. Continuum-chiral extrapolation results for G45 at µ = 2 GeV. The notation is as in Fig. 7 . 0.714 (7)(71) 0.751 (7)(68) discussed above. However, one can also estimate the truncation error directly, following Ref. [8] , by the size of a typical two-loop contribution:
Here we use α s in the MS scheme evaluated at a scale 1/a min , where a min is our smallest lattice spacing. This leads to a 4.4% relative error. To avoid double-counting, we take the larger of (a) the direct estimate of two-loop effects (4.4%) and (b) the difference betweenF 1 andF 4 fits. In essence this method is using theF 4 fit to give an estimate of the uncertainty in the coefficient of the α 2 s term, except that we do not allow this uncertainty to drop below unity.
The above description applies to quantities we calculate directly, namely B K and the G i . For the derived quantities B G j , defined in Eq. (6), we proceed as follows. We vary the fit choices (for the continuum-chiral extrapolation) for each of the components of the B G j independently, and take the largest variation from the central value as the systematic error estimate. If this maximum value lies below 4.4%, we replace the estimate with the direct two-loop estimate of a 4.4% error. We next consider the error due to the finite volume (FV) of the lattice. We estimate this from the difference between results on the C3 and C3-2 ensembles, which differ only in their spatial volumes. This is not entirely satisfactory, since we do not use coarse lattices in our final continuum-chiral extrapolation. However, we stress that the dominant FV error, as estimated by SChPT, comes from valence pions propagating to adjacent periodic volumes. This is because the arguments of the chiral logarithms of Eq. (10) are the squared masses of valence pions, X B . Since on each ensemble we are extrapolating to the physical valence quark masses, the dominant FV effects are present, even though on ensembles C3 and C3-2 we are far from the physical values of L P and a. In our calculation of B K , we have used the comparison of doing the X-fits with finite-and infinite-volume SChPT forms as an alternative estimate of the FV error [40] . However, this method is not useful for the gold-plated combinations, since they do not contain NLO chiral logarithms.
Our method of estimating systematic errors arising from the X fits has been described in Sec. IV. We repeat the entire analysis using different priors for the X-fits, and using the ES method. Each leads to a change in the final values of the quantities of interest. We combine the fractional shifts in quadrature to obtain our total systematic error.
Our method of estimating the systematic error arising from Y fits, as noted above, is to repeat the entire analysis (including the continuum-chiral extrapolation) using quadratic, as apposed to linear, functional forms. This differs slightly from the estimate we used in Ref. [9] , where we used the shift in the quantities on a specific MILC ensemble. The Y fit errors turn out to be of comparable size to those from X fits, ranging up to 2%.
The remaining two systematic errors are very small, and have essentially no impact on the total error. We include them for completeness. The first concerns the value of the pion decay constant f that we use in the chiral logarithms of Eq. (10) . At NLO we could equally well use the physical value f π = 130.41 MeV [41] or the value in the chiral limit, f π ≈ 124.2 MeV [32] . In practice we use f = 132 MeV (close to the physical value) for our central value, and repeat the entire analysis using f = 124.2 MeV (the chiral-limit value) to estimate the systematic error. In fact, only B K is sensitive to this choice, since the gold-plated combinations contain no NLO chiral logarithms. Thus the 0.1% error that results in B K propagates unchanged into all of the BSM B-parameters.
Finally, the parameter we use to set the scale, r 1 , has an error which propagates into all the final results. To estimate this, we repeat the entire analysis with the central value for r 1 replaced by r 1 ±σ r1 , and quote the maximum difference in each quantity as the systematic error. The resulting errors are very small (∼ 0.1 − 0.35%), reflecting the fact that the B-parameters are dimensionless. 
VII. COMPARISONS AND OUTLOOK
In Table XIII and Fig. 12 we compare our results for the B-parameters to those from other collaborations. This is done at µ = 3 GeV since results from all collaborations are available at this choice of renormalization scale. The RBC-UKQCD collaboration uses N f = 2 + 1 light flavors of domain wall quarks, and NPR for the matching between lattice and continuum theories. In 2012, RBC-UKQCD used the RI-MOM scheme for this matching [21] , while the preliminary 2015 results are obtained using several RI-SMOM schemes, in the spirit of Ref. [27] . Both schemes are connected to the MS scheme using oneloop perturbation theory. The ETM collaboration uses twisted-mass Wilson quarks. The original results from 2012 were with N f = 2 light sea quarks and a quenched valence strange quark [13] , while the 2015 results are from an N f = 2 + 1 + 1 simulation including both strange and charmed sea quarks [3] . Both ETM calculations match lattice and continuum operators using NPR in the RI-MOM scheme.
Both RBC-UKQCD and ETM results are quoted using the so-called SUSY basis of BSM four-fermion operators [42] . The only BSM B-parameter which differs from that in the basis of Buras et al. (Ref. [31] ) that we use is B 3 , 
We use this equation to determine our result for B SUSY 3 quoted in Table XIII . For completeness, we note that our 2013 results for the BSM B-parameters (Ref. [23] ) are superseded and corrected by our present results. 6 We now have significantly more ensembles, allowing a better controlled continuumchiral extrapolation. This addition required us to change fromF 1 fits toF 4 fits for G 23 and G 45 , which, as shown above, significantly changes the central values for these quantities. In addition, we found an error in our RG running due to the use of an incorrect two-loop contribution to the pseudoscalar anomalous dimension [needed for the denominators of the BSM B-parameters-see Eq. (3)]. Correcting this error leads to ∼ 5% reductions in all the BSM B-parameters. A detailed description of the effect of these changes is given in Ref. [24] . The overall effect is that our new results for B 2 , B SUSY 3 , B 4 and B 5 are reduced by about 5%, 3%, 5% and 12%, respectively, compared to those in Ref. [23] . The pattern of results in the Table suggests that the ultimate source of these differences may well be the matching from lattice matrix elements to those in the continuum MS scheme. In our calculation, this error is due to the truncation of matching factors at one-loop order. For B 4 and B 5 (the two B-parameters which differ from the results obtained using the RI-MOM scheme) our error estimate is taken as the difference between fits using F 1 andF 4 fit forms (see Figs. 10 and 11 ). While we consider this to be a conservative estimate, we cannot rule out that it is an underestimate due to unexpectedly large α 2 terms in the matching factors. In the case of the calculations using the NPR method, the significant differences between results obtained using RI-MOM and RI-SMOM schemes indicate an underestimate of the associated systematic errors. This could be a problem specifically related to the RI-MOM scheme, where one must subtract unwanted contributions from pion poles, a source of systematic errors absent in the RI-SMOM schemes [43] . Or it could be due to large truncation errors in the relation between one or both of these schemes and the MS scheme.
Clearly these issues require further investigation. One possibility is for all the calculations to use the same intermediate scheme such as RI-SMOM and then to di-TABLE XIII. Comparison of the BSM B-parameters at renormalization scale µ = 3 GeV obtained using different fermion discretizations. The RBC-UKQCD results using domain-wall fermions are RBC-UK (2012) [21] and the preliminary results (with incomplete error budget) of RBC-UK (2015) [25] . The ETM collaboration results using twisted-mass fermions are ETM (2012) [13] and ETM (2015) [3] . N.A. means "not available". Comparison of results for B4 and B5 at µ = 3 GeV. The references for the points are, proceeding from top to bottom, this work (SWME 2015), [24] (SWME 2014), [25] (RBC-UK 2015), [21] (RBC-UK 2012), [3] (ETM 2015) and [13] (ETM 2012).
rectly compare results in that scheme. This reduces the dependence on perturbation theory as one does not need to to match to the MS scheme. One would still need to evolve between different scales in the RI-SMOM scheme, but this could also, ultimately, be done nonperturbatively [44] . To these ends we are pursuing the implementation of NPR using staggered fermions [45] [46] [47] .
